Lecture 12. Reduction of Order and Euler
Equations

The method of reduction of order

Suppose that one solution y1 (z) of the homogeneous second-order linear differential equation
y' +p(@)y +a(z)y=0 (1)
is known (on an interval I where p and g are continuous functions).

The method of reduction of order consists of substituting ya(z) = v(x)y1(x) in (1) and determine the
function v(x) so that y() is a second linearly independent solution of (1).

After substituting y2(z) = v(z)y1(x) in Eq. (1), use the fact that y1 () is a solution. We can deduce that
y1v" + (2y) + py1)v' =0

We can solve this for v to find the solution Y2 () of equation (1).

Example 1 Consider the equation

zy" — 5zy' +9y =0 (z > 0),

3

Notice that y; (z) = z* is a solution. Subsitute y = vz and deduce that zv” + v’ = 0.

Solve this equation and obtain the second solution y»(z) = z* In z.

ANS : We_ write ‘{,M.J)‘uzn Q%h in the fwm vt E{M)_
Joxyg =y e
Let j,: VL*)j,(x): vV X3

j;: V'xs-l' 3vxt

7 3 Q r
Y, = v+ 3vxT+ BT 4 bvx

= V”’(3+ év/&“'_‘_ ng
dhom vt & .
7" _;_ / j_ _
Y.~ sz+ x> j,"o
> VX +HbVTHbxV - 3 (x3vK) % VX '=0p

> V”X;-i- bv'x + bxd - Sy x- I.L‘ix + X =D



> v'xtv'x=0

> x*(v'x +v')=0

> Vv'x 4v/ =0 &
Note there is no  Herm  in & obout v <)

So we own introdace
wx)=v’ , fhen Vv'= W

P/q,g fthem v k. we hawe
u./’(_'_w.-_o (521) Q{V\)

> d: X = -
)Jdu _ _[dx
- X
> hiw|l = -lhx +C,
lw —nx +¢, -Inx

> M- e = ce

s _ -'mt_ ¢

D2 ©w=Ce ==
Resdl - \y', e have

V= %; = __xc_ D V(x)-J-Q-olx

Note It %ﬁl‘cc‘es fo -ffr\ol one Vix), So We Co,
ke a si‘m‘JlL 'rowm 01‘ V(x) é] wwmﬂj‘ C=|,¢=0

Then Vx)= I x
o jz (%)= V(X) :/, = X'lx is onother Soluttom o ®



Remark.: The method still works nj the e is not inthe form
O'i Eg4) . See Exefcjse_ 2
Exercise 2. The differential equation

2 d2y

dy
Tz— + 16y =10
dxz? dx Y &
has y1(x) = z* as a solution. Use the method of reduction of order to find a second solution y2(z).
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Euler Equation

A second-order Euler equation is one of the form

az’y’ +bzy +cy=0

(2)
where a, b, c are constants.
Remark. Note the previous example and exercise are also Euler equations. So the method below also works for
Example 1 and Exercise 2.

Example 3. Make the substitution v = In & of the following question to find general solutions (for z > 0) of
the Euler equation.
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Example 4. Recall a second-order Euler equation is one of the form

azy” +bxy +cy=0

(2)
where a, b, c are constants.
(a) Show that if z > 0, then the substitution v = In & transforms Eq. (2) into the constant coefficient linear
equation

d’y dy
aw—i-(b—a)%-l-cyzo (3)
with independent variable v.

(b) If the roots 1 and 79 of the characteristic equation of Eq. (3) are real and distinct, conclude that a general
solution of the Euler equation in (3)is y(z) = c1z™ + cox".
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Exercise 5. Find y as a function of x if
z2y" + 4y’ — 10y = 0,

y(1) =4, ¢ (1)=-7
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